The well-known Masliyah-Lockett-Bassoon (MLB) model for sedimentation of small particles is extended to fluidization of polydisperse suspensions. For N particle species that differ in size and density, this model leads to a first-order system of N conservation laws, which in general is of mixed (in the case N = 2, hyperbolic-elliptic) type. By a simple algebraic steady-state analysis, we derive necessary compatibility conditions on the size and density parameters that admit the formation of stationary fluidized beds. We then proceed to determine the composition of polydisperse fluidized beds of given compatible species by varying the fluidization velocity and the initial composition of the suspensions, and prove that, within the framework of the MLB model combined with the Richardson-Zaki formula, the constructed bidisperse beds always cause the equations to be hyperbolic. This means that these states are always predicted to be stable. The transient behaviour of the MLB model applied to fluidization is illustrated by three numerical examples, in which the system of conservation laws is solved for N = 2, N = 3 and N = 5, respectively. These examples illustrate the effects of bed expansion and layer inversion caused by successively increasing the applied fluidization velocity and show that the predicted fluidized states are indeed attained.
Introduction
Mathematical models for the fluidization of solid-fluid mixtures of small particles have attracted considerable interest in recent years. Surveys of recent contributions are provided in the recent paper by Howley and Glasser [1] and in the books by Gibilaro [2] , Gidaspow [3] and Jackson [4] . In this paper, we are interested in polydisperse suspensions of small particles belonging to N different species having size (diameter) d i and density . i , i = 1,. . . , N, where we assume that the species are distinguishable, i.e. d i 5 d j or . i 5 . j for i 5 j. These particles are dispersed in a viscous fluid of density . f and of dynamic viscosity l f . Moreover, for simplicity, we limit the discussion in this paper to configurations of heavy particles, i.e. . 1 , . . . , . N > . f . Furthermore, we restrict the discussion to one space dimension. The particles are assumed to be small compared with the vessel diameter and the height of the fluidization column, such that a description of the mixture as superimposed continua, composed of N solid phases and the fluid, is adequate. Most fluidization models of this class are based on explicit equations for the solid-fluid relative velocities or slip velocities u 1 , . . . , u N as functions of the local concentrations / 1 , . . . , / N and dependent on the particle sizes and densities. In most cases, the slip velocity models are utilized to predict the conditions under which a stationary fluidized bed composed of different particles exist, and which height it occupies in a vertical fluidization column. In several papers, the resulting characterization of completely fluidized states and the related phenomenon of bed inversion are compared with experimental evidence [5] [6] [7] [8] [9] .
On the other hand, in a series of papers, the authors and co-workers formulated and analyzed mathematical models for the sedimentation of polydisperse suspensions [10, 11] and demonstrated that the numerical solution of the resulting systems of conservation equations using modern highresolution schemes, including the Kurganov-Tadmor (KT) [12] or the previous NessyahuTadmor (NT) scheme [13] , is an efficient method for the simulation of batch sedimentation [14] [15] [16] [17] [18] . It is the purpose of the present paper to extend this numerical approach to fluidization of polydisperse suspensions. It is illustrated that the solution of conservation equations yields insights into both the dynamics of formation and the steady-state composition of fluidized beds. The extension from polydisperse sedimentation to fluidization is straightforward, since only one additional linear convection term accounting for the applied fluidization velocity has to be taken into account. Thus, the mathematical and numerical tools developed for batch polydisperse sedimentation define simulators for fluidization and its applications.
At the same time, we point out that most fluidization applications involve particles of different materials, that is, of different densities, which usually give rise to mixed-type systems of conservation laws (in the special case N = 2, hyperbolic-elliptic systems). It is unclear under which circumstances a standard numerical scheme designed for hyperbolic equations still produces meaningful solutions when applied to a mixed system. However, in the context of mathematical models for multiphase flow in porous media, the analysis and construction of solutions for such system has gained considerable attention [19, 20] . Thus, despite the large number of unresolved mathematical issues [19] , it is interesting to note that the fluidization models studied herein provide another application of mixed systems of conservation laws.
The polydisperse sedimentation model considered herein is due to Masliyah [21] and Lockett and Bassoon [22] , and therefore called the MLB model [11] . Our preference for the MLB model is based on both experimental evidence and theoretical considerations. In fact, Law et al. [23] pre-sented an experimental comparison of five different models. The MLB model turned out to predict the experimentally observed separation of a bidisperse suspension with good accuracy, although it is outperformed by the Patwardhan and Tien model [24] . Moreover, in recent analyses [10, 11] we show that the MLB model has desirable stability properties, that seem at least difficult to prove for algebraically more involved models such as the Patwardhan and Tien model [24] . Consequently, this work also contributes to a proper evaluation of the MLB model, and it would certainly be interesting to compare different additional models in the application to fluidization.
The remainder of the paper is organized as follows. The basic equations and properties of the MLB model [11, 21, 22] are collected in Section 2. The resulting governing partial differential equations in one space dimension are a system of first-order conservation laws
where t is time, x is height, q is the applied fluidization velocity, and U = (/ 1 , . . . , / N ) T is the vector of concentrations. The nonlinear character is determined by the components of the flux vector f (U) = (f 1 (U), . . . , f N (U)) T . The functions f 1 (U), . . . , f N (U) result from the specific assumptions of the MLB model. Finally, we introduce the model of the fluidization column.
In Section 3, we apply the polydisperse sedimentation model to study the fluidization of polydisperse suspensions by algebraic methods. The parameters characterizing a completely mixed bed of N different particle species are the vectors of normalized squared sizes d :
T , where d i :¼ d . describe the material properties of the solid particles and are therefore constants. The fluidization velocity q = q (t) is a control variable, and the local composition U is a function of both time and height and represents the response of the suspension to the control actions taken by changing q (t).
In view of this distinction, we first establish (in Section 3.2) restrictions, called compatibility conditions here, on the parameter vectors d and . that enable the suspension to attain a completely mixed state. The result are conditions under which two species within an N-disperse suspension are compatible. In Section 3.3, we determine the composition of a completely mixed bed of a mixture of compatible particle species as well as the necessary fluidization velocity when the initial concentrations of each species are prescribed. In Section 3.4, we consider the alternative case of determining the fluidized bed composition from a prescribed fluidization velocity. Next, in Section 3.5, we discuss the limiting concentrations for a partially mixed suspension. This means that we determine the attainable compositions of a bidisperse bed if the fluidization velocity is allowed to vary. Limitations of the fluidization velocity are discussed in Section 3.6.
In Section 4 we summarize recent stability analyses of the MLB model [10, 11] (Section 4.1) and apply them to fluidization (Section 4.2). The basic observation when particles differ both in density and in size is that the system (1.1) in general fails to be hyperbolic for a set of concentration vectors U of positive N-dimensional measure, and is therefore of mixed type. The loss of hyperbolicity is equivalent to the satisfaction of an instability criterion predicting the occurrence of horizontal structures during separation; see [11] for details. In Section 4.2 we apply the stability analysis to completely fluidized beds. Although the model equations are generally of mixed type, we prove that under the assumptions of the MLB model in combination with the common Richardson-Zaki hindered settling factor, and in particular utilizing the parameter restrictions established in Section 3, completely fluidized bidisperse beds always correspond to regions of the phase space in which the equations are hyperbolic. This means that a bidisperse fluidized state constructed according to Section 3 is always stable, and that the loss of hyperbolicity affects transient situations only.
For easy reference, we have included a short summary of Sections 3 and 4, which is given in Section 5.
In Section 6, we first give a brief (non-technical) description of the numerical scheme, and then present three numerical examples involving a binary suspension due to Moritomi et al. [9] (Example 1), a ternary suspension due to Rasul et al. [25] (Example 2), and a hypothetical 5-disperse suspension (Example 3). In all three cases, we start from an initially homogeneous suspension occupying the height L = 1m. The applied fluidization velocity is successively increased and takes the six values q A = 0 < q B < Á Á Á < q F , where q A = 0 corresponds to batch settling in a column, and the values q B , . . . , q F are in each example chosen such that interesting phenomena can be expected from the simulations. Precisely, we fix a final time T in each case and set
q B for T =6 < t 6 T =3; q E for 2T =3 < t 6 5T =6;
q C for T =3 < t 6 T =2; q F for t > 5T =6:
The phenomena produced by the numerical simulations include in particular bed inversion. In the bidisperse case (N = 2), this means that, at a small fluidizing velocity, the larger but less dense species dominates the lower part of the container. By increasing the velocity, it is possible to attain a state in which the larger species dominates the upper part of the container (and the smaller species dominates the lower). This phenomenon was first reported in [26] . In passing from the first state to the second, the species go through a state in which they are completely mixed. At any steady-state, in each layer the slip velocities of the present species are equal, but only in the completely mixed state are all species governed by precisely the same constant value of U along the whole container. In Section 7, we compare our results to other work, and point out future directions of research that could be based on the present study.
Model equations for polydisperse sedimentation

Multidimensional model equations
We assume d 1 P d 2 P Á Á Á P d N and adopt the general model equations for the three-dimensional motion of the mixture that were derived in [11] from the mass and linear momentum balances for the fluid and each solid species (considered as a separate phase) by introducing constitutive assumptions, and simplifying the model equations as a consequence of a dimensional analysis. These model equations can be written as
Here, q is the volume-average flow velocity of the mixture and k is the upwards-pointing unit vector. In Eq. (2.3), p denotes the pore pressure, .(U) :
. f is the local density of the mixture, g is the acceleration of gravity, / :¼ / 1 + Á Á Á + / N is the cumulative solids concentration, and T E f is the viscous (or extra) stress tensor of the mixture accounting for all viscous effects. The remaining symbols have been introduced in Section 1.
For details of the derivation of (2.1)-(2.3), we refer to [10, 11, 14, 18, 27] . In a moment, we will pass to one space dimension, in which the volume-average velocity q depends on time only. Thus, the precise form of T E f is unimportant here, and we may limit the further discussion to the flux vector appearing in (2.1). Obviously, (1.1) is the one-dimensional analogue of (2.1).
The flux density vector
Eqs. (2.1) arise from the solids continuity equations 
ð2:5Þ
The Masliyah-Lockett-Bassoon (MLB) model [11, 21, 22] is based on the equation
where we define the parameter l :¼ Àgd
Moreover, we assume that a hindered settling factor V (U) = V (/) is given, which depends only on the cumulative concentration of the solids species. Specifically, we limit the discussion to the most frequently chosen function
due to Richardson and Zaki [28] , where 0 < / max 6 1 is a maximum solids concentration. The specific property of the MLB model is that the hindered settling factor is the same for all slip velocities, and depends on the local ÔporosityÕ (fluid volume fraction) e :¼ 1À/ only. This property facilitates the type analysis of the MLB model, see [10] and Section 4.1. Alternate treatments include the papers by Patwardhan and Tien [24] and Dü ck and MinÕkow [29] , who stipulate an individual hindered settling factor V i (U) = V (e i (U)) for the slip velocity of each species, where e i (U) is in both cases a void space associated with species i. These models are fairly accurate if compared with experimental settling velocity measurements, but their involved algebraic structure has so far forestalled any rigorous type analysis along the lines of [10, 11] . Combining (2.4), (2.5) , and the assumption V (U) = V (/), we obtain the following components of the flux vector f (U) = f M (U) (where the ÔMÕ indicates that the MLB model has been chosen)
The Rankine-Hugoniot condition
It is well known that solutions of (1.1) are discontinuous in general, and that the propagation speed r (U + , U À ) of a discontinuity in the concentration field / i separating the states U + and U À is given by the Rankine-Hugoniot condition
The monodisperse case
The fluidization model includes monodisperse suspensions as a special case. In the monodisperse case, i.e. when U, / i and / are identical, (2.8) 
In the stationary state for a fluidized bed, we have /q + f i (/) = 0, and if V (/) is specified by (2.7), the following direct relationship between the fluidizing velocity q and the concentration / can be established:
Mathematical model of the fluidization column
We consider a long fluidization column of sufficient height, which means that an overflow mechanism is unimportant.
The column corresponds to values x P 0 of the height variable x and is fluidized from below with clear liquid of fluidization velocity q(t) = Q(t)/S > 0, where Q (t) is the volume inflow rate of fluid and S is the cross-sectional area of the column. The mixture is supposed to occupy initially a height interval [0, L]. This very simple description avoids boundary conditions but introduces a discontinuous flux as in [15] . Thus, we formally obtain the system of conservation laws
where c(x) is a discontinuity parameter given by c(x) = 1 for x P 0 and c (x) = 0 for x < 0, and the fluxes g i (AE , AE , AE , AE ) are given by g i ðcðxÞ; t; UÞ ¼ qðtÞ/ i þ cðxÞf In this section, we determine conditions on the sizes and densities of the particle species under which the MLB model predicts the existence of a completely fluidized bed provided that the fluidization velocity q and the composition U are chosen consistently. We consider only completely fluidized states in the following sense. Assume that we have a suspension of N different particle species. Then we say that B particle species, indexed by 1 6 i 1 , . . . ,i B 6 N, form a B-disperse completely fluidized bed if the following conditions are satisfied.
(1) There exists a concentration vector U with
/ max such that the velocity difference between any pair of species i; j 2 B vanishes, i.e. v i À v j = 0 for i; j 2 B, which is equivalent to u i À u j = 0. In the framework of the MLB model, we obtain from the definition of slip velocity (2.6) 
Consequently, in the framework of the MLB model, this value q must satisfy the equations
Observe that assumption (3.1) expresses an additional conceptual simplification, since we exclude the possible but almost purely academic case that, for example, two species form a stationary fluidized bed, and there is a third species flowing through this fluidized bed. We now show that Condition (1) implies three independent restrictions on the sizes, densities, and Stokes velocities of the particles that are supposed to form a completely fluidized bed, and that these restrictions are actually independent of the composition of the fluidized bed, that is, of the concentration vector U. In view of their generic character, we shall refer to these three restrictions as compatibility conditions. In fact, when we consider an N-disperse suspension, we shall call any (index) subset K & f1; . . . ; Ng of species that satisfy Condition (1) (but not necessarily Condition (2)) compatible. It is then possible that different subsets B 1 ; B 2 ; . . . of K correspond to completely fluidized beds with different fluidization velocities q 1 , q 2 , . . . . Such cases are considered in Section 6 (Examples 2 and 3).
For compatible particle species, Condition (2) can be used to construct completely fluidized beds, that is, for a given composition U, we can calculate the required fluidization velocity q, or vice versa, for a given applied velocity q the composition of the fluidized bed can be determined.
Compatibility conditions for the particle sizes, densities, and Stokes velocities
We now look at conditions on d i , d j , . i and . j that necessarily must be satisfied so that (3.2) holds. For this purpose we neglect the trivial case V (/) = 0, which occurs only for / 6 0 or / P 1.
Compatibility of particle sizes
If d i = d j for i5j, then of course . i 6 ¼ . j , since otherwise the same species would be labelled twice. However, in the equal-size case we obtain from (3.2)
This expression can never become zero, and species i and j cannot belong to the same completely mixed bed. More precisely, we would have u i À u j < 0 if . i > . j and u i À u j > 0 if . i < . j . Thus, if two species have the same diameter, the species with the greater density settles faster and will always be segregated in a position below the lighter. Therefore, a necessary condition for mixing is that all particles have different sizes, which means that d i > d j .
Compatibility of stokes velocities
We first recall that the Stokes velocity of a particle of species i, that is, its settling velocity in an unbounded fluid, is given by
We now derive a condition on the quantities U i :¼ e U i /l, and thus on the Stokes velocities that particles in a completely fluidized bed have to satisfy. Suppose now that particle species i and j belong to the same completely fluidized bed, i.e. (3.2) is valid. If we assume that U i 6 U j , then d i . i À d j . j 6 0 and the left-hand side of (3.2) can be estimated in the following way:
T U < 0 (and l < 0) for all feasible values of . T and U. This would mean that species j settles faster than species i for all values of U 2 D 0 . To exclude this, we state the second compatibility condition as
Compatibility of particle densities
Assume again that species i and j with d i > d j belong to the same completely fluidized bed, i.e. (3.2) holds. For . i ! . j we have
for . T U 2 ½0; . j . Under the same assumption, for . T U 2 ½ . j ; . i , we have
The inequalities (3.4) and (3.5) imply that species i and j always segregate. Thus . i < . j is a third constraint for complete mixing.
The bidisperse case
For the construction of the completely mixed state of species i and j it is useful to rewrite the condition u i À u j = 0, using the right-hand side of (3.2), as
With two species, we have 0 < .
For / max = 1 the three compatibility constraints are sufficient. For / max < 1, the additional constraint can be stated as .
Observe that the right-hand part of (3.6) involves only the physical properties of species i and j, while the left-hand part is a linear combination of the undetermined variables / i and / j . Thus, (3.6) represents a straight line. The completely fluidized state is then determined by intersecting that line with the curve representing an additional condition to be derived below, which links the applied fluidization velocity q to the composition of the fluidized bed.
Completely mixed beds with three or more species
Assume that we consider a completely fluidized bed made of exactly two particle species i and j. Then these species are compatible for any choice of the four parameters involved,
If a third species k is assumed to be part of the completely fluidized bed, then we must have u i = u k besides u i = u j . In view of the previous discussion, this means that if
In particular, besides (3.6), the same equation with j replaced by k must be valid:
For N = 3, Eqs. (3.6) and (3.7) describe parallel planes, which either coincide or are disjoint. Thus, the uniquely possible way to construct a tridisperse completely fluidized bed is to require that the right-hand sides of (3.6) and (3.7) coincide. This is a strong side condition on the choices of the parameters d k and . k of the third species. In particular, three particle species with arbitrary parameters will in general not form a completely mixed bed.
Transitivity
Completely mixed beds made of more than two species are very unlikely to occur in practice, but for completeness we now consider an arbitrary number of species to make up a completely mixed bed. To this end, note first that the compatibility condition is transitive, which means that two species that are each compatible with a third species are compatible with each other, i.e.,
and then insert this expression into . jk .
Definition of compatibility
We now consider an arbitrary number K P 2 of solid species
. . . ; Ng that are supposed to make up a completely mixed bed. The transitivity property then implies that the size and density parameters d i 1 ; . . . ; d i k and . i 1 ; . . . ; . i K must satisfy the K À 2 scalar algebraic equations
In addition, if the species forming the completely mixed bed are numbered such that
then the densities . i 1 ; . . . ; . i K must be chosen such that the Stokes velocities and densities satisfy the following respective constraints:
(This corresponds to the observation that larger spheres settle faster than smaller spheres with the same or lesser density and thus they cannot mix.) We call K the set of compatible particle species if the conditions (3.8)-(3.11) are satisfied. Likewise, we say that species i and j are compatible if i; j 2 K for a compatible set K.
Alternative statement of the compatibility condition
Finally, we note that Batchelor introduced c i :¼ . i = . 1 for i = 2, . . . ,N as one of the principal parameters for polydisperse sedimentation. The second and the third constraints could have been expressed in terms of this parameter. All of the important properties of fluidized or sedimenting suspensions [11, 30, 31] are governed by ratios rather than by numerical values; the latter are just scaling factors. In other words, two different systems with the same values of d i and c i will behave in the same way, even though the velocities in the two systems will be different.
Complete mixing
While in the previous section, we were concerned with identifying general conditions under which a set of particle species may form a completely fluidized bed, we here focus on the explicit construction of the composition of the fluidized bed, depending on the particle sizes and diameters, the initial concentrations, and the applied fluidization velocity. We assume for the subsequent discussion that K & f1; . . . ; N g is a set of compatible species in an N-disperse suspension, and that B 6 K species indexed by B ¼ fi 1 ; i 2 ; . . . ; i B g & K are supposed to form a fluidized bed with Conditions (1) and (2) holding.
In a stationary state, as in a completely fluidized bed, we have in view of (3.2)
T UÞ for all i; j 2 K: ð3:12Þ
We now intend to construct a fluidized bed of the B species in B & K. Since / i = 0 for all i 6 2 B, we obtain by inserting (3.12) into (3.3)
which implies that the fluidization velocity is given by
and does of course not depend on the choice of j 2 B. Eq. (3.12) implies in particular that 
ð3:15Þ
Let i, k 2 B; then from (3.14)
From (3.15) and (3.16), the concentrations of the mixed state are given by
The corresponding velocity q is given by (3.13).
Influence of fluidizing velocity on concentration ratios
In the previous section, the fluidization velocity q was calculated from the given composition of a completely fluidized bed. We now assume that q is prescribed and that the solid concentrations of the completely fluidized bed are sought. As we shall see, this is feasible for two compatible species only. Assume that species i and k are compatible. Then, substituting (3.14) into (3.13) we get
and thus / = / (q) = 1 À (r ik ) 1/(nÀ1) . An obvious restriction for 0 < / < / max to hold is ð1 À / max Þ nÀ1 6 r ik 6 1: ð3:19Þ
If we compute the concentration in the mixed state where only two species do not vanish, i.e. if B ¼ fi; kg, then (3.14) reduces to
the partial concentrations can be written as functions of the total concentration /, and thus in view of / = /(q) as functions of q, as follows:
Thus, for given parameters . and d in the bidisperse case, a unique completely mixed state that depends only on q is given by (3.20) provided that (3.19) is satisfied. However, for K > 2 no unique q-dependent solution U can be found, since the system of two scalar equations .
Partially mixed beds
We wish to determine the upper and lower limits of / (and hence the lower and upper limits of q) for a partially mixed suspension. Considering
ð3:22Þ
Substitution of the upper limit into (2.9) yields
in agreement with the value from (3.13). Thus, the limiting value of q in the bidisperse case is indeed the value in the monodisperse. With q now fixed, we calculate / k for the other monodisperse region. Eqs. (2.9) and (3.10) imply that
Consequently, / k < / i = / + . Similarly, substitution of the lower limit (3.22) into (2.9) yields
in agreement with the value from (3.13). According to these calculations, the two species are mixed only when q À < q < q + . Otherwise, they are segregated. As q increases gradually from q À , a value of q is reached at which the two species are completely mixed. As q is increased further, demixing occurs until, at q + , the species are once again completely segregated.
Limitations of the fluidization velocity
In fluidization, the fluid flows upward through the mixed packed bed, resulting in a relative velocity between the particles and the fluid. For slow flows in experiments, the fluidizing liquid does not affect the bed since no bed expansion can be observed [32] . We merely observe an upward flow through a packed bed. For sufficiently large fluid velocities, the bed becomes fluidized, i.e. it changes structure. In polydisperse fluidization, the packed bed consists of at least two species. Unless one of the species is small enough to be elutriated from the packed bed, the bed will remain at / max until it begins to fluidize and, consequently, only then is segregation possible. If the bed is initially segregated, the uppermost species may fluidize while the other species remain in position. So, in reality, no expansion of the bed takes place until the minimum fluidizing velocity is reached.
The MLB model, like the Richardson and Zaki equation (2.7), does not correspond to reality when 0 < q < q mf , where q mf is the minimum fluidizing velocity, since the model (with V(/) given by (2.7)) predicts a continuous relation between q and U for q2 [0, 1] . In the MLB model in combination with (2.7), the resulting concentration U changes even for small values of q that approach zero.
According to the MLB equation (with no cutoff), two species with the same density would have non-zero settling velocities for / < 1. Then species 1 (having the largest diameter), would settle faster at all values of / (including those in [/ max ,1]). If we cut the MLB equation at / max (say 0.66), the particles rest on each other at that value, but they do have a non-zero velocity (u 1 = u 2 < 0) with respect to the fluid. As q increases from 0 to q mf , these velocities are constrained to be equal. However, this constraint does not appear in (3.12). Thus, theory predicts segregation because the larger species will settle faster when both have the same density. [10] . Thus, the discussion of the spatially one-dimensional system (4.1) is sufficient for the stability analysis of (2.1).
For N = 2, a system with a pair of complex conjugate eigenvalues is elliptic. Some of the fluxdensity vectors f(U) proposed in the literature cause the system (4.1) to be non-hyperbolic, or to be of mixed hyperbolic-elliptic type in the case N = 2, depending on the size and density parameters, where the type is mixed if (for given sizes and densities), the system is non-hyperbolic (or elliptic) for choices of the concentration vector U from a subregion of the set of relevant concentrations (where / i P 0, i = 1,. . . , N and / 6 1) and hyperbolic elsewhere. For N = 2, the ellipticity criterion coincides with Batchelor and Janse van RensburgÕs [33] criterion for the occurrence of instabilities like blobs and viscous fingering in bidisperse sedimentation, which states that a state (/ 1 , / 2 ) is unstable if the entries of J f ðUÞ satisfy
Eq. (4.2) also provides a criterion for the stability of a fluidized bed if we think of / 1 and / 2 as the concentrations at steady state, and the prediction of instabilities by inequality (4.2) is consistent with experimental evidence [33, 34] . By a perturbation analysis, we showed in [11] that loss of hyperbolicity, that is the occurrence of complex eigenvalues of J f ðUÞ, provides an instability criterion for polydisperse suspensions of arbitrary numbers of species N. More recently [10] , we proved that for equal-density particles
, arbitrary N and particle size distributions, the system (1.1) is strictly hyperbolic for all concentration vectors U with / 1 > 0,. . . , / N > 0 and / < 1 if the flux vector (2.8) is chosen. The proof involves evaluating the characteristic polynomial of the Jacobian J f ðUÞ, for which an explicit formula has been derived by exploiting elimination possibilities in the corresponding determinants [10] . The hyperbolicity, and thus stability result for equal-density spheres is in agreement with experimental evidence since instability phenomena never have been observed with this type of mixture, but always involve particles of different specific densities.
Application to fluidized beds
We consider an N-disperse suspension and assume without loss of generality that a bidisperse layer consists of Species 1 and 2, and that all other species are absent, and evaluate the quantity I 2 . To this end, we restate the mixing condition 
Using (4.3), we obtain from (4.4) the following partial derivatives if /subscript1 and / 2 denote the concentrations of a stationary bidisperse fluidized bed: 
Expanding this expression, we get
Our goal is now to show thatĨ 2 can be estimated from below by a square, and is therefore nonnegative. To this end, observe first that the terms in the first and the fourth and in the third and the sixth lines in (4.9) add up to exact squares, respectively. Consequently, we obtaiñ
To estimate the term occupying the second and third line of (4.10), observe first that the mixing condition (4.3) implies that . 1 À . T U and . 2 À . T U have the same sign. Thus,
T U > 0. On the other hand, the following inequality holds:
(To derive (4.11), we start from 1 > d 2 , which is equivalent to d
Þ, which, after rearranging, gives (4.11).) Inequality (4.11) implies that the term {. . .} in (4.10) can be estimated as follows:
Thus, we obtain from (4.10) the inequalitỹ
However, the right part is an exact square. Thus, we arrive at the inequalitỹ
which implies I 2 P 0. Consequently, the MLB models predicts that bidisperse fluidized beds for systems with . 1 ; . 2 > 0 are always stable.
Summary of Sections 3 and 4
For easy reference, we include here a summarizing list of the most important results of the analysis of Sections 3 and 4. The underlying model is the MLB model for fluidization given by (1.1), (2.8). The findings listed here are independent of the choice of V (/).
• A necessary condition for a set B of B particle species i 1 , . . . , i B to form a B-disperse completely fluidized bed is the satisfaction of the compatibility conditions
In the sequel, we always assume that (5.1) is satisfied.
• For B P 3, the following additional constraint applies: the value of
must be the same for all choices of i; j 2 B; i 6 ¼ j. Though this constraint will seldom be satisfied for real suspensions, we proceed with the discussion by recalling that . Ã denotes the common value of .
ij for all i, j 2 B, i5j.
• Assume that B ¼ fi 1 ; . . . ; i B g is a set of compatible solid particle species. Then concentration vectors U of completely fluidized beds are located on the (B À 1)-dimensional hyperplane
in the B-dimensional space of compatible species.
• In the particular case of a bidisperse bed, (5.2) denotes a straight line in the (/ 1 , / 2 )-plane.
• The fluidization velocity q corresponding to a B-disperse completely fluidized bed is given by the common value
T UÞ: ð5:3Þ
• Eq. (5.3) permits us to calculate the fluidization velocity q necessary to attain a fluidized bed with a desired composition U, for example due to an initial condition.
• On the other hand, a unique composition U of the fluidized bed for a given velocity q can be computed from (5.2) and (5.3) in the case of a bidisperse bed only.
• A bidisperse partially mixed bed of two compatible species i and k is feasible for values of q in a certain range, q À < q < q + , where q À and q + depend on the size and density parameters d i , d k , . i and . k . If q 6 q À or q P q + , species i and k are segregated. • The MLB model does not correspond to reality in that there exists no minimum fluidization velocity. As a consequence, the composition of a settled packed bed is gradually changed even if a very small fluidization velocity q is applied. 
which joins all possible fluidized bed compositions), does not intersect those regions in the (/ 1 , / 2 )-plane where the system (1.1) fails to be hyperbolic, that is, where it is elliptic.
Numerical examples
General numerical scheme
To solve the initial-value problem (2.10), (2.11), one could employ an extension of the semi-discrete version of the Kurganov-Tadmor non-oscillatory central difference scheme [12] in combination with a second-order Runge-Kutta scheme for the time discretization, such that the resulting scheme is second-order accurate in both space and time. A numerical comparison study [15] of several alternative ways to include a discontinuous coefficient showed that this scheme performs best if c (x) is simply inserted into the numerical flux as a discontinuous parameter. Alternatively, one could regard c as an additional conserved variable satisfying the partial differential equation oc/ot = 0, which is discretized in both time and space, and solved during each time step. This procedure turned out to yield slightly less accurate results [15] . We refer to [35] for details and further references on conservation laws with discontinuous flux and their significance to models of continuous sedimentation.
The application of the Kurganov-Tadmor scheme to polydisperse sedimentation problems has been described in detail in [10, 15, 18] . Meanwhile, this scheme has also been employed by Xue and Sun [36] to simulate the settling of a polydisperse suspension with N = 35 particle species of the same density (differing in size only). The accuracy of the KT scheme is superior to that of the preceding NT scheme [13] , but the KT scheme requires estimates of the spectral radius of the Jacobian of the flux at all cell boundaries during each time step. In [10] we show that such estimates can be easily calculated for the MLB model for arbitrary N and equal-density particles. This contrasts with the constraint (3.11) . Thus, the estimates of [10] are not applicable here. Since in the present case, which involves particles with different densities and sizes, eigenvalues can be calculated accurately with moderate effort for N 6 3 only, we preferred the (non-staggered) NT scheme for the numerical experiments. The spatial mesh width in all examples is Dx = 1/4000m. The mesh size ratio is in each case determined in terms of the maximal Stokes velocity, a max :¼ l maxfd 1 . 1 ; . . . ; d N . N g, by setting Dt :¼ Dx/(2a max ), i.e., the mesh size ratio is Dt/Dx = 1/(2a max ). From a rigorous point of view, the applied fluidization velocity should also enter the constant a max . However, these fluidization velocities are very small compared to the value of a max , and results are satisfactory with the mesh size ratio utilized here. The computational domain is restricted to the interval [0, L], which means that the discontinuity of the coefficient at the bottom conincides with the no-slip boundary condition.
Example 1: binary suspension
For a monodisperse suspension, the solids concentration / of a fluidized bed is a function of q, as established in (2.9). On the other hand, Section 3.5 shows that monodisperse fluidized beds form the limiting cases in the construction of bidisperse fluidized beds. For the discussion of a bidisperse fluidized bed, it is therefore useful to introduce the function . i ðqÞ :¼ . i ðqÞ À . f , where . i (q) :¼ /(q). i + (1 À /(q)) . f and the function / (q) is given by the second equation in (2.9). The functions . i (q) and . i ðqÞ denote the density and reduced density, respectively, of a monodisperse fluidized bed made of species i at a given fluidization velocity q.
Assume that we wish to construct a completely fluidized bed consisting of just two species, say i; k 2 K, for a given fluidization velocity q. This is possible only when
In the numerical example, we consider the binary suspension of Moritomi et al. [9] 12 , and also include plots (with a different vertical scale) of the corresponding individual particle concentrations / 1 and / 2 . (We recall that in a bidisperse completely fluidized bed, / 1 and / 2 are functions of q due to (3.20) . For the present suspension, such a diagram is shown in Fig. 1, which 
This means that for q = q B and q = q F , a monodisperse fluidized bed consisting of only the first and the second species, respectively, can exist. Furthermore, following the procedure of Section 3.3, we wish to construct different completely fluidized beds with the prescribed ratio k :¼ / 1 // 2 , where k is chosen to take the values k = 3/ 2, 1, 2/3. The middle equation in (6.1) then leads us to the fluidized bed concentrations / 2 ¼ . 12 =ðk . 1 þ . 2 Þ and / 1 = k/ 2 , and, from (3.13) and (3.14), we obtain for V (/) given by (2.7) the fluidization velocity q ¼ Àlð1 À /Þ nÀ1 ð . 1 À . 12 Þ. Including the monodisperse cases by setting k = 1 and k = 0, we obtain the steady states given in Table 1 . Note that state B cannot be achieved in practice since / exceeds / max . For this example, we have also plotted the instability region. Fig. 2 shows the instability region of the MLB model for the parameters of this example where, according to the analysis of Section 4, I 2 < 0 is valid. The completely fluidized states of Table 1 have also been marked. These states are located on a straight line which avoids the instability region, as expected from Section 4.2.
Our numerical experiment related to the steady states shown in Table 1 starts from / 0 1 ¼ / 0 2 ¼ 0:1. The final simulated time is T = 3000s, and we recall that the fluidization velocity q(t) is given by (1.2) . We first present a global picture of the solution by plotting the trajectories of the particles separating the lowest 10%, 15%, 20%, . . . , 80%, 85%, 90% of each species from the remaining 90%, 85%, . . ., 15%, 10% above. Such plots were used, for instance, by Gaudin and Fuerstenau [37] ; see also [17] . This yields ÔLagrangian pathsÕ of the corresponding quantiles of each component of the bidisperse suspension; see Fig. 3 . As q is increased, both species initially move upwards before gradually attaining their steady-state positions. Concentration profiles taken at six different times (five times at the moment just before q is increased, and at the final time) are shown in Fig. 4 . The unusual profiles in Fig. 4(a) and (b) arise from the sedimentation of a bidisperse system with species of different densities. These figures also looked like this when we used the robust Lax-Friedrichs scheme [38] for that system. Thus, we believe that the continuous variation of both concentrations is correct; see Section 7. The simulated concentrations in (c) to (f) agree with the theoretical predictions C-F given in Table 1 .
Example 2: ternary suspension
We consider a ternary (tridisperse) suspension of glass beads (species 1), coal (species 2) and zircon (species 3) particles used in one of the fluidization experiments reported in a recent paper by Rasul et al. [25] . The Stokes parameter is l = À2.129 · 10 À4 m 4 /(kg s). The remaining parameters are given in Table 2 . It can be easily checked that these parameters satisfy the constraints (3.9)-(3.11). However, we have here . . Consequently, the set of compatible species is K ¼ f1; 2; 3g. However, condition (3.8) is not satisfied here. Thus, only the bidisperse completely mixed beds B 12 :¼ f1; 2g; B 13 :¼ f1; 3g and B 23 :¼ f2; 3g are possible. For the construction of the numerical experiment, we proceed as in the previous example. To this end, we select one of the aforementioned three completely mixed beds, say B 12 . We then utilize (3.20) to plot the completely mixed bed concentrations / 1 and / 2 as functions of q. The dependence of the right-hand sides of (3.20) on the particle species of the bidisperse completely fluidized bed chosen is expressed by the notation / 1 ðqÞ ¼ / 1 ðq; B 12 Þ and analogously, / 2 ðqÞ ¼ / 2 ðq; B 12 Þ. We are interested in a bidisperse fluidized bed with / 1 = / 2 . For a completely fluidized bidiperse bed with / i = / k , we obtain from the second equation in (3.20)
ik Þd i ; we here obtain q = q E = 6.5376 · 10 À3 m/s. The completely fluidized beds associated with B 23 and B 13 are constructed in completely the same way and are labelled by ÔBÕ and ÔDÕ respectively; see Table 3 .
In the numerical simulation for the ternary suspension, we assume the initial concentration U 0 = (0.04, 0.04, 0.04) T . The numerical experiment includes the values q B , q D and q E , and to specify the experiment, we set q A :¼ 0, q C :¼ (1/2) (q B + q D ) = 3.6772 · 10 À3 m/s and q F :¼ (4/3)q D = 8.7168 · 10 À3 m/s. These six values of q define the applied fluidization velocity through (1.2), where the final time is T = 5000 s.
For the (partial) prediction and interpretation of the numerical results it is useful to evaluate condition (6.1) for the three bidisperse beds involved. This condition was considered in the previous example in Fig. 1 , where the horizontal line . ¼ .
12 is plotted in a . versus q diagram together with the curves . ¼ . 1 ðqÞ and . ¼ . 2 ðqÞ, and completely mixed beds are possible for those values of q for which the horizontal line lies between these two curves. For the present tridisperse case, we analogously plot the curves . ¼ . and . 2 ðqÞ and . 3 ðqÞ, respectively; see Fig. 6 . The information that can be extracted from this diagram is as follows. We observe that only the vertical line q = q B intersects the segment . ¼ . 23 . In fact, q B is just the appropriate fluidization velocity for a completely fluidized bed of species 2 and 3. Thus, after increasing q from q A = 0 to q B , we expect that after a transient phase of particle migration, a stationary solution forms that includes the state ÔBÕ of Table 3 within a height interval. Next, we increase q successively from q B to q C , q D , and q E . Fig. 6 shows that the vertical lines corresponding to these three values of q intersect the horizontal lines . ¼ . 12 and . ¼ . 13 , but not . ¼ . 23 . Therefore we expect that each of these fluidization velocities leads to a steady-state including fluidized beds either of species 1 and species 3 (with the steady-state ÔDÕ of Table 3 attained for q = q D ) or of species 1 and species 2 (with the steady-state ÔEÕ for q = q E ), but with species 2 and 3 always being separated. Finally, q is increased from q E to q F . Fig. 6 now shows that the line q = q F intersects only the horizontal segment . ¼ . 12 . Thus, at q = q F a bidisperse mixed fluidized bed is feasible only for species 1 and species 2, but species 3 is separated from the two others.
A global picture of the solution is again given by ÔLagrangian pathsÕ of the tridisperse suspension (see Fig. 7) , while Fig. 8 shows the volume concentration profiles before each increase of q. The states for partial ÔcompleteÕ mixing, where the volume fraction ratios of two species are the same as their initial ratios, are triggered in Fig. 8(b), (d) and (e), as predicted in Fig. 5 . In Fig.  8(d) , species 1 and 3 are completely mixed with all of both species in the mixture. In Fig. 8(e) , species 1 and 2 mix completely in the sense that their volume-fraction ratio is the same as the initial one, but both species can additionally be found in other layers. From (3.18) and (3.20) , we can calculate the values of / 1 and / 3 in the upper layer. These are 0.052093 and 0.08036 respectively, in agreement with the simulated composition in Fig. 8(e) . Thus, this layer can co-exist with the completely mixed one just below it. This is also true for b), but only a small amount of each species is outside the mixture. For velocities beyond the intersection of the . 3 curve with the .
23 line and the . 13 line, no mixture of species 3 with species 2 or 1 is possible any more. This is reflected by the segregation of species 3 from species 2 in (c) (and in the following) and the segregation of spe- 12 , . 23 and . 13 . The values q A to q F are the successively applied fluidization velocities in the numerical experiment. cies 3 from species 1 in (f). In contrast to the assumption that zones with higher density should lie beneath, in (c) the layer of species 2 is beneath the layer of species 3, in (e) the layer of species 1 and 2 is beneath the layer of species 1 and 3 and in (f) the layer with species 1 is beneath all the others, whereas the opposite would be expected from Fig. 6 . Our theoretical treatment does not include a density criterion for the relative position of layers, and the simulation does not impose one. See Section 7.
Example 3: 5-disperse suspension
We finally consider a hypothetical 5-disperse suspension having the parameters given in . These values are pairwise distinct. This allows five possible bidisperse completely mixed beds associated with the index sets {1,5}, {2,5}, {3,4}, {3,5} and {4,5}. We could now, as in the previous examples, construct bidisperse fluidized beds and determine the value of q for which each of these fluidized beds has a prescribed composition. We will not do this here; rather, we start from U 0 = (0.04, 0.04, 0.04, 0.04, 0.04) T , and successively apply the fluidization velocities according to (1.2) , where the final time is T = 7200s. In Fig. 9 , the curves . 1 ðqÞ to . 5 ðqÞ are plotted together with the relevant segments of the horizontal lines . ¼ . 45 , . 35 ; . 34 ; . 25 and . 15 and vertical lines corresponding to q = q A to q E . Thus, Fig. 9 is analogous to Fig. 6 and provides information that can be read off in a similar way. When q is increased from q A to q B , the resulting stationary solution may include completely mixed bidsperse beds made of species 2 and 5, 3 and 5, and 4 and 5. The steady states attained after changing q to q C and q D admit the completely fluidized beds {2, 5}, {3, 4}, {3, 5} and {1, 5} and {2, 5}, respectively. When q is increased from q E to q F (this state in not shown in Fig. 9 ), the unique candidate for a bidisperse completely fluidized bed to form is {1, 5}. Finally, the fluidization velocity q = q F excludes the existence of any bidisperse bed at steady state, which means that all particle species are separated again.
Since many of the features of Fig. 11 are explained by Fig. 10 , we discuss these figures together. Once again, the complex arrangement of species in Fig. 11(a) reflects the complex sedimentation behaviour of a polydisperse system with species of different densities. Fig. 10 shows that the system has not reached steady-state at t = 2400 s. At t = 3600 s, it appears that steady-state has (barely) been attained. The mixtures {2, 5}, {3, 5}, and {3, 4} do appear in Fig. 11(c) , but the {2, 5} mixture is dominated by species 2 while only a very small amount of species 3 appears in the {3, 4} mixture. A better balanced {2, 5} mixture appears in Fig. 11(d) , with a layer of species 5 just below. Fig. 10 shows that the two lowest layers have not yet reached steady state at t = 4800 s; this is reflected in Fig. 11(d) . There is no trace of a {1, 5} mixture; indeed, species 1 and 5 are well separated. The predicted {1, 5} and {2, 5} mixtures are evident in Fig. 11(e) . Fig.  10 shows that most species have not reached steady state at t = 6000 s. In Fig. 11(f) , only the predicted {1,5} mixture appears (at the top). A layer of species 5 appears just below while species 2, 3, and 4 lie in (lower) separate layers. In summary, no forbidden mixtures appear. In one case, a permitted mixture does not appear while in other cases, only limited mixing occurs. Note that the 15 ; . 25 ; . 34 ; . 35 and . 45 . The values q A to q F are the successively applied fluidization velocities in the numerical experiment. extent to which mixing can occur is governed by (3.20) with the limits given by (3.21) and (3.22) . Note also that satisfaction of our compatibility conditions permits mixing but does not compel it.
It should be noted that if the fluidizing velocity equals zero, as initially in our numerical experiment, then theoretically no mixing should occur, but on the other hand, no demixing of the sediment bed is triggered then. Each passing of a zone where two species get mixed by varying q causes a layer inversion if one compares the layer order of the respective species before and after passing the zone. By successive layer inversions, the initial order (5, 4, 3, 2, 1) is switched to the final order (3, 4, 2, 1, 5).
Discussion and conclusions
Comparison with other work
The constraints (3.9)-(3.11) state that two species indexed by i, k2{1, . . . , N} may mix if
k are satisfied, since otherwise they segregate. We mention here that two of these constraints have been stated previously. For example, Rasul et al. [25] note that ''there is general consensus that one group of particles must be relatively larger and less dense, the other smaller and more dense, if layer inversion is to occur''. We derive these results as our first and third constraints, (3.9) and (3.11). Rasul et al. [25] give two examples of ternary mixtures that satisfy our three constraints, but not our compatibility condition. Thus, their three species did not mix and they therefore concluded that only binary mixtures are possible. In fact, their results support our conclusion that the three constraints and the compatibility condition are all necessary conditions for complete mixing of ternary systems. Rasul et al. [25] use a model derived by Gibilaro et al. [39] , but the variation of their bulk densities is similar to ours. In their Fig. 15 , the bulk densities, . (q), of the three components are plotted against q. Our values for coal (Fig. 6 ) are similar to theirs. Our values of .ðqÞ for both zircon and glass beads are somewhat lower than theirs, but the crossover occurs at approximately 8 mm/s in both models. The bulk densities of their mixtures are estimated from those of the components. These theoretical values vary approximately inversely with q.
According to Rasul et al. [25] , the suspension consists of three separate layers when q = 6 mm/s. When q is increased to 8 mm/s, the suspension changes to a mixture of zircon and glass beads (at the bottom), a layer of pure glass beads in the middle, and a layer of coal at the top. When q = 9 mm/s, the zircon and glass beads are completely mixed. When q = 10 mm/s, the bed forms a mixed layer of zircon and glass beads at the bottom, a mixed layer of zircon and coal in the middle, and a pure layer of excess coal at the top. These types of changes are similar to those predicted in our discussion of complete and partially mixed beds (Sections 3.4 and 3.5). Our simulations (Figs. 7 and 8 ) also show these types of changes, but the details are quite different. The difference between the velocities calculated from the MLB and Gibilaro et al. [39] models plays only a minor role in the difference in results. In our model, complete mixing occurs when the velocities of particles of each species are equal; in their model, it occurs when the maximum bulk density corresponds to a mixture of both components (Fig. 15 of Rasul et al. [25] ).
Hu [40] adopts a density criterion similar to that of Rasul et al. [25] , but uses the RichardsonZaki equation [28] as well as that of Gibilaro et al. [39] . HuÕs approach is to equate the bulk densities of the pure components to that of the mixture. Then [40] derives the composition of the fluidized mixture, i.e., the values of / im as functions of q. His approach differs from ours in that he considers the equality of densities to be primary and the equality of velocities to be secondary. Howley and Glasser [1] use an approach that is initially similar to ours. However, they then consider drag laws for ''ideal'' and ''non-ideal'' mixtures. They also use the Gibilaro equation for the latter type, but unlike Gibilaro et al. [39] , do not need to impose an additional constraint. Howley and Glasser [1] and Rasul et al. [25] provide many references to the fluidization literature.
Limitations and alternate treatments
We identified (in Section 4.1) suspensions that are unstable and therefore exhibit three-dimensional phenomena [11] . We also showed that the multidimensional system (2.1) is stable whenever the one-dimensional system is. The numerical method that we used (in Section 6) was devised for hyperbolic systems [17] , but systems with widely varying densities are generically non-hyperbolic [11] . Such systems are often unstable. Nevertheless, as shown in Section 4.2, completely fluidized bidisperse beds with . 1 , . 2 > 0 are always stable. This justifies the use of this method, which could also be employed for the simulation of fluidized-bed classifiers [41] [42] [43] [44] . However, the use of this scheme for a system of conservation laws is not supported by a rigorous convergence theory; rather, it is based on experience in simulations.
The goal of our simulation was to provide a link between theory and practice. In this light, our simulated results are interesting, but not entirely satisfying. ÔComplete mixingÕ always occurred when it was supposed to, and never when it was not. However, in some cases, some spheres lay outside the completely mixed region. Also, the position of the densest layer did not always coincide with experimental results [25] . The constraints and compatibility conditions are permissive; they allow complete mixing, but do not compel it. Neither do they require that the higher-density layers lie below the lighter. Thus, some features of real systems are not captured by our analysis.
Treating the suspension as a continuum eliminates local fluctuations in U. These fluctuations represent differences in local density [45, 46] that produce a distribution of particle velocities. This is particularly important in polydisperse suspensions in which the species differ substantially in size or density. Small particles close to a larger and/or denser one temporarily move with it [47] , producing fluctuations in the velocities of both species [47, 48] . Even in monodisperse suspensions of spheres, velocities vary substantially from sphere to sphere and with time for any given sphere [49] [50] [51] [52] . These variations produce particle paths that are highly irregular [51, 52] .
The distribution of velocities in a monodisperse suspension of spheres results in hydrodynamic diffusion [53] . In a polydisperse suspension, therefore, two monodisperse layers with the same mean slip velocity will diffuse into one another, producing a fuzzy boundary. If all mixing criteria are satisfied, the layers will become mixed in the rigorous sense. In the case of a globally dense layer lying above a globally light layer, regions of especially high density will fall into the light region below. If the compatibility conditions do not permit mixing, the higher density layer will eventually end up at the bottom. Even when the slip velocities differ, the boundaries between species will be fuzzy rather than sharp [54] .
In practice, ÔmonodisperseÕ suspensions often involve spheres with a distribution of sizes. Similarly, each species in a ÔbidisperseÕ or ÔtridisperseÕ suspension often has a distribution of sizes. There may also be differences in shape, but slightly deformed spheres have velocities close to those of perfect spheres [55, 56] . The variability of velocities arising from fluctuations in the local density of the suspension is much greater than the differences in velocity caused by small differences in size, shape or density. Thus, hydrodynamic diffusion limits the expected segregation. If these differences in size, density or shape within each species are small, our model should work well in the sense that the idealized behavior will be close to the short term behavior of the real suspension. In the long run, even small differences will be reflected in the positions of the fluidized particles, but there will never be a clean separation when the differences are small. Hydrodynamic diffusion could be accommodated in our model by incorporating a diffusion term but, in general, the diffusion coefficient will depend on U, making the analysis rather complicated [57] .
An alternative to the method used in this paper is a simulation that follows the vertical movements of individual spheres of various species [57, 58] . One or two million spheres are represented, corresponding to the number used in small-scale experiments [58] . Each particle has its own environment, which determines its velocity [50, 51] . If a stochastic term is included, a particleÕs environment then determines the three parameters of the Markov process that applies to that particle. The resulting family of Markov processes constitutes a Pickard-Tory process [59] . Particles (simultaneously) ÔconsultÕ their current environment and move (simultaneously) with Markov velocities, yielding new velocities and positions, and hence new environments. In deterministic simulations with a random initial placement of particles, an appropriate choice of environment smoothed the fluctuations in concentration [57, 58] . This choice should solve the stability problem that arises in stochastic simulations, but it has not yet been tested.
A treatment involving either hydrodynamic diffusion or the Pickard-Tory process would provide a more detailed description of the actual process, but the main features would probably still be the same because, in almost all cases, the mean velocities of the various species yield the global behavior of the suspension. A practical difficulty in implementing either treatment is that experimental values of the additional parameters are known for only a few special cases.
Future directions
A rigorous treatment of fluid-solid systems, such as sedimentation or fluidization, involves the interactions of each particle with all the other particles and with the boundaries [60] [61] [62] . Features such as instability and density inversion must be explained by these interactions. Similarly, these interactions should explain the diffusion resulting from density fluctuations. A three-dimensional stochastic simulation of a polydisperse system might be capable of dealing with non-hyperbolic systems and handling hydrodynamic diffusion. Although the general form of such a simulation is known [54] , its implementation is some time off, in part because it lies beyond the capacity of current desktop computers.
A three-dimensional view may also help to reconcile our approach with the belief that the completely mixed state corresponds to the maximum density. Asif [63] notes that ''the mixing-induced bed contraction is responsible for the increase in bulk density of the binary solid fluidized bed''. His Fig. 1A , which shows the contraction, is very similar to plots of random packing of binary mixtures of spheres [64] though, of course, the fluidized bed is less tightly packed. In both cases, there is a maximum when the fraction of the larger species is 0.6. Since the densities of the two species are different, the maximum bed density will usually occur at a different value. The maxima in his Fig. 1B show the same trend as the completely fluidized states in our Table 1 . In view of the discussion above, we do not expect the bed to be motionless when both species have the same slip velocity. However, spheres of different size or density can then accommodate each other, rather than jostling through spheres of the other species. This is consistent with closer packing and greater bed density.
In any case, it seems to us that the equality of velocities must be the basis for any theory of complete mixing. This automatically imposes density constraints. However, only for the binary problem does q uniquely determine the proportion of two species in the mixed bed (as noted in 3.4). Thus, it appears that an additional constraint, probably an entropy condition, must be added. This constraint may also be important for polydisperse suspensions in which only two species can mix in any layer.
As noted above, identical spheres at the same value of U have different velocities. This distribution of velocities has been used by Segrè et al. [45] to define an effective gravitational temperature, T grav . Another factor is the potential energy, which is minimized when the heavier species lies below the lighter. Mixing the species maximizes the entropy of the system. To consider these factors, it may be necessary to minimize an analog of the Helmholtz free energy [65] F = E pot À T grav S mix , where E pot is the potential energy [65] of all the spheres and S mix is the entropy of mixing [65] .
